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ABSTRACT This paper reports on the results of a diagnostic quiz for basic arithmetic and algebra. The quiz items
were based on elementary knowledge and skills expected of first year students to perform essential mathematical
tasks and to communicate the results of such tasks. The quiz was taken online voluntarily by 428 first year students
who were registered for a calculus module at a South African university. The multiple choice items in the quiz
focused on: Operations on numerical fractions; Operations on algebraic fractions; Operations with monomials;
Operations with exponents; Operations with logarithms; Linear equations and linear inequalities. Results indicated
that a significantly large number of the respondents did not have the necessary level of preparedness to successfully
study the calculus module that they were enrolled for. The percentages of students lacking the relevant knowledge
and skills for the indicated sections are documented in the results section of the paper.

INTRODUCTION

Maharaj and Wagh (2014) outlined a pre-
course diagnosticsfor first year university stu-
dents studying calculus. An online quiz based
on their work was made available to students.
This paper focused on the outcome of the quiz
and proposed a mechanism for remediation to
address the under-preparedness of the students
opting for acourse on differential calculus. The
research first analyzed the results of the diag-
nostic quiz on basic arithmetic and algebra
based on thework of Maharaj and Wagh (2014).
Based on the findings, a remediation strategy
was formulated to bring students to the de-
sired level of preparedness for the differential
calculus course.

Objectives

In this paper the researchers addressed the
following research question with reference to
students studying at the University of KwaZu-
lu-Natal (UKZN). What is the level of compe-
tence of first year university students in basic
arithmetic and algebra? This question was in-
vestigated with regard to those students who
enrolled for the main stream mathematics' mod-
ule, Introduction to Calculus, offered at UKZN
during thefirst semester of 2014.

LiteratureReview

This focuses on mathematical under pre-
paredness, major areas of under preparedness
and support structures.

Mathematical Under Preparedness

Evidence of the under preparedness of in-
coming first year students to study university
mathematics has been documented in various
reports (for example, London Mathematical So-
ciety, Institute of Mathematics and its Applica-
tionsand Royal Statistical Society 1995; Depart-
ment of Basic Education 2013, 2015) and also by
various researchers (for example, Sander and
Cleary 2004; Gill and O’ Donoghue 2007; Jen-
nings 2009; Faulkner 2011; Maharaj and Wagh
2014; Ally et al. 2015; Maharg et a. 2015; Maha
raj and Wagh 2016). In the literature, the under
preparedness of such students in the context of
European countries is often referred to as the
mathematics problem (London Mathematical
Society, Institute of Mathematics and itsAppli-
cationsand Royal Statistical Society 1995; Gill
and O’ Donoghue 2007; Faulkner 2011) whilein
Australia the term first year experience (Jen-
nings 2009) is used. The descriptions of mathe-
matics problemaccording to O’ Donoghue (2004)
include: Mathematical shortcomings of enter-
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ing students; Mathematical deficiencies of en-
tering students; Pre-requisite mathematical
knowledge and skills; Mathematical prepared-
ness/under-preparedness; Mathematics at the
school/university interface; Issues in Service
mathemati cs teaching; Numeracy/M athematical
literacy. This mathematics problem, first year
experience or under preparedness contributes
to an ever increasing number of students who
fail to continue in their studies of university
mathematics. In turn this resultsin huge finan-
cial losses to universities and the state.

This mathematics' under preparedness af-
fects students in various fields of study at uni-
versities. The reason for thisisthat an increas-
ing number of areas of science, technol ogy, man-
agement and commerce use mathematics asthe
only effective language for the analysis of their
problemsand a so for the communication of their
results and ideas (London Mathematical Soci-
ety, Institute of Mathematics and its Applica-
tions and Royal Statistical Society 1995). This
report also pointed out that the mathematics
problemis extremely serious for the following
three reasons: it is not a case of some students
who are less well-prepared; many ‘high-attain-
ing’ students seriously lack in fundamental no-
tions; for any modern economy a sound educa-
tion in mathematics is important, both for the
mass of ordinary students and for the mathe-
matically moreable.

It seems from the literature that the under
preparedness of students entering university to
study mathematics is a universal problem. In
South Africathe University of Pretoria(UP) in-
troduced an extended study programme to cre-
ate opportunities for students who were identi-
fied as at risk academically and/or did not meet
the entry requirements for the engineering de-
gree (Jennings 2009). That university found that
students could be at risk due to the following
reasons: limited educational background; unre-
alistic expectations of engineering study; anin-
ability to cope with demands of tertiary educa-
tion; alack of motivation; limited career informa-
tion; the transition from a secondary to atertia-
ry teaching; learning environment (Steyn and
Du Plessis 2007). It should be noted that some
of those reasons could classify a student as at
risk even in coursesthat do not relate to mathe-
matics. To address the issue of underprepared
students UP used questionnaires and quizzes
to gaininformation on the students' level of pre-
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parednessfor tertiary study and to identify pos-
sible weaknesses in the students’ knowledge
(Steyn and Du Plessis 2007). More recent stud-
iesby Ally et al. (2015) and Mahargj €l al. (2015)
reported on the use of e-learning to address the
first year experience in the South African con-
text and their effect on student success. Those
studies suggested that e-learning could serve
as an important form of student support to ad-
dress the mathematics problem with first year
students. The study by Ally et al. (2016) con-
cluded that student performances with regard
to educational attainment could beimproved by
using suitable e-learning methods.

Major Areasof Under Preparedness

TheLondon Mathematical Society, Institute
of Mathematics and its Applications and Royal
Statistical Society (1995) noted that the serious
problems perceived by those in higher educa-
tion are: aseriouslack of essential technical abil-
ity to undertake numerical and algebraic calcu-
lation with fluency and accuracy; alack in ana-
lytical powerswhen faced with simple problems
requiring more than one step; a changed per-
ception of what mathematicsis. Thelatter refers
totheessential place within mathematics of pre-
cision and proof. Theseimply that precision re-
lating to the ability to undertake numerical and
algebraic calculation isessentia in the study of
mathematics. Other studies have also noted the
lack of this ability among first year university
students. Sander and Cleary (2004) identified a
deficiency in basic mathematicsskillsinfirst year
undergraduate students relating to proficiency
infoundational mathematicscalculation, in par-
ticular the greatest area of weakness was for
calculationsin the context of fractions. The pa-
per by Gill and O’ Donoghue (2007) noted that
mathematics’ |lecturers complained that students
displayed: lack of fluency in basic arithmetic and
algebraic skills, gapsin or absence of basic pre-
requisite knowledge in important areas of the
school syllabus (for example, trigonometry, dif-
ferential calculus); an inability to use or apply
mathemati cs except in the simplest or most prac-
ticed way (O’ Donoghue 1999). Faulkner (2011)
argued that in the English education system a
decrease in competency such as those, could
partially be dueto heavier reliancein schoolson
calculators. In the opinion of the researchers,
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this could also be one of the contributing fac-
torsin the South African context.

Support Structures

To address the problem of underprepared
students the paper by Gill and O’ Donoghue
(2007) noted that diagnostic testing was intro-
duced at the University of Limerick. The rea-
sons for that were: to diagnose those students
who were most likely to fail; to make students
themselves aware of their level of expertise (or
lack of it aswasoftenthe case!); classify major
areas of weaknessin the group of first years as
awhole; identify the support that will be needed
to help remedy the situation. It was found that
30 percent of first year service mathematics un-
dergraduates required extra support (Gill and
O’ Donoghue 2007). At the University of Limer-
ick aMathematics L earning Centre (ML C) was
established. The following eight resources and
facilitiesare provided at the ML C: The Drop-In
Centre - without appointments free one-to-one
consultations are provided to students; Diag-
nostic Testing - to identify and inform students
who need supplementary help; Support Tutori-
als - set up and taught on a weekly basis of an
hoursduration in addition to regular tutorialsto
small groups of students (about 10); Textbooks
- multiple copiesof all the required textbooksfor
the various mathematics offered at the universi-
ty are provided; Computer Assisted Learning
(CAL) - 5 computers are provided for access to
CALMAT tutorials; Examination Revision Pro-
grammes - focuses on the organization of revi-
sion programmesfor all the main service mathe-
matics courses, Peer Tutoring - amutual benefit
programme that makes use of volunteer student
teachers who have teaching practice through-
out their degree programmes to teach mathe-
matics based on access courses; Online Sup-
port - the ML C website provides online support
help specifically designed for each service math-
ematics course offered at the university.

Gill and O’ Donoghue (2007) reported that:
students preferred support that was on a one-
to-one consultation basis; there was a distinct,
if not decisive, advantage for those students
who attend support tutorials over those who do
not attend as measured by the results on the
next and subsequent university mathematics

examinations; unfortunately such attendees
werein the minority so some action was needed
to reach all those who need help but were not
making use of the support structures; analysis
of their university database showed that 78.3
percent of those deemed to be in need of help,
failed to attend the support tutorialsin thefirst
semesters and 78.5 percent in the second se-
mesters. As noted by those researchersit is not
aways possibleto provide support that involves
personal interaction. With the increase in stu-
dent numbersat universitiesthereisthereforea
need to invest in online services and to custom-
ise these for student use out of hours and also
off campus.

Feedback received from the academic de-
velopment officer (ADO) of the School of Math-
ematics, Statisticsand Computer Science at the
University of KwaZulu-Natal (Mshengu 2014)
reveal ed that the normal support structures that
were in place during the period 2010 to 2014
were: tutorials for in-course material; hot seat
tutors available for 4 hoursaday for five days
of the week that the students could consult at
their convenience; interviews with at risk stu-
dents; supplemental instruction (SI) organized
by the ADO for studentswho felt they required
extrahelp. It was noted that the latter two sup-
port structures were not well attended. Further
a concern was expressed that more of the stu-
dents who were classified as good or above
average were attending the support structures
than those who were classified as at risk.

Conceptual Framework

Thiswasguided by theliteraturereview. The
main principleson which the conceptual frame-
work was based were:

1 Learning of mathematics is hierarchical

in nature (Maharaj and Wagh 2014);

2. There was a need to investigate the in-
formal feedback provided by first year
lecturers at the University of KwaZulu-
Natal (UKZN) ontheir perceived lack of
pre-requisite abilities of studentsto study
mathematics (M aharaj and Wagh 2014);

3. Thereisaneed to critique and improve
the support structures available to stu-
dents who study first year mathematics
at UKZN.

It was decided to do the investigation and
critiquing with reference to the Introduction to
Calculusmodule offered to first year mainstream
students on the Westville Campus of UKZN.
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METHODOLOGY

The diagnostics for pre-course differential
calculus designed by Maharaj and Wagh (2014)
were converted to five multiple choice format
quizzes and made available online to students
enrolled for the Introduction to Calculus mod-
ule; see Appendix A, quizzesfor Sections 1 and
2. During thefirst lecture and formal tutorial the
students were encouraged to take those quizzes
intheir own time. Themodule websitefor Intro-
duction to Calculus gave under the topic Diag-
nostic Quizzeslinksto Pre-cal culus Diagnostics
and In-course Diagnostics. Thetaking of any of
the quizzes was voluntary. Upon making an at-
tempt to access the Pre-Calculus Diagnostics
website the general instruction was availableto
the student. That instruction indicated that the
student was encouraged to take the quizzes pro-
vided and that further it would beto his/her ben-
efit to make anote of individual strengths/weak-
nesses and to then take the necessary remedial
measures, get help for example by studying the
section on his’/her own or consulting atutor. In
the present investigation it was decided to fo-
cus on the first quiz that comprised of 23 ques-
tionstargeting basic arithmetic and algebra pre-
reguisites. The question types are indicated in
the Results section.

The data for the student responses to the
quiz on Basic Arithmetic and Algebra was ob-
tained from the online learning MOODLE site
used by UKZN. That datawas collated and anal -
ysed for the following broad headings. Opera-
tions on numerical fractions, Operations on al-
gebraic fractions; Operations with monomials;
Operationswith exponents; Operationswith log-
arithms; Linear equations and linear inequali-
ties. Thisprovided answersto the research ques-
tion. Out of 442 studentsregistered for the mod-
ule 428 students (about 96%) took that quiz.
Some of those students took the quiz more than
once; since there were 474 attempts; see Ap-
pendix A. It should be noted that the collation
and analysis of the data was based on the data
for first attemptsonly; whichthe MOODLE sys-
tem was ableto generate. The recommendations
were guided by theliterature review and written
feedback communication by email received from
the ADO of the School of Mathematics, Statis-
tics and Computer Science at UKZN. This re-
quired a study of the available support struc-
ture and how that could be improved.
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These are presented under the following
sub-headings: Operationson numerical fractions;
Operations on algebraic fractions; Operations
with monomials; Operations with exponents;
Operationswith logarithms; Linear equationsand
linear inequalities. Thefindings are summarized
inTables1to 6.

Operationson Numerical Fractions

Table 1 indicates that about 30 percent of
those first year students lacked basic compe-
tencein the operations of addition, subtraction,
multiplication and division on very simple nu-
merical fractions. This suggests that such stu-
dents should also have difficulty in performing
calculations that involve simple algebraic frac-
tions. Table 2 confirmsthis.

Table 1: Operations on numerical fractions (n =
428)

Questions Correct

responses (%)

7%

+

75

DI ] Wik

X

71

72

N[~ W -

70

NlR NlR NP IR e

X

Source: Author

Operationson Algebraic Fractions

It isevident from Table 2 that about 43 per-
cent of the students, who voluntarily took the
quiz, lacked the ability to correctly perform ba-
sic operationson very simplealgebraic fractions.
It could be concluded from the study by Jen-
nings (2009) that about 73 percent of their first
year respondents (enrolled for aspecialist math-
ematicsbridging course) and 43 percent (enrolled
for the calculus and linear algebra course) could
not add two algebraic fractions. The research-
ers note that their question type was % +% and
thisinour opinionisof amore difficult structure
than the corresponding type indicated in Table
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2. The findings of this paper summarized in Ta-
bles 1 and 2 for basic operations with fractions
supports those of Sander and Cleary (2004).
Those researchers reported that only 26.66 per-
cent of their respondents scored more than 80
percent in questions that involved operations
with fractions.

Table 2: Operations on algebraic fractions (n =
428)

Questions Correct
responses (%)

1 1 57

x xZ

1 1 62

x xz

11 64

x x2

1 1 62

x  x2

11_ s

X X

Source: Authors
Operations with Monomials

Table 3 gives the findings on operations with
monomials. It could be concluded that about 42
percent of the respondents had difficulty with
foundational knowledge and skills relating to
the addition or subtraction of very simple like
terms of the type ax’, for a a natural number. The
findings indicated in Table 1 suggest that more
students would experience difficulty with the
addition or subtraction of such monomials if the
numerical coefficient a in like terms of the type
ax’takes on values that are integers or fractions.
The same could be true when factors of the form
ax"; for a and n taking on values that are inte-
gers or fractions; are multiplied or divided.

Table 3: Operations with monomials (n = 428)

uestions Correct
9
responses (%)
2x3.3x% = 61
2x3 + 3x3 = 58
2x3 — 3x3 = 64

Source: Author

Operations with Exponents

Note that Table 4 indicates that 39 percent of
the respondents had difficulty for the basic cal-
culation based on the simplification of the ex-
pression 2x3.3x°. This required the application
of the product law for exponents, namely if two
powers that have the same base are multiplied
then the result is the same as writing down the
base and raising it to the sum of the indices of
those powers. Table 4 indicates that 47 percent
of the respondents had difficulty when raising a
power to a power. In the first structure observe
that the power is represented by a base which
comprises of the product of the natural number
2 and the factor x*. Basic knowledge and skills
required relate to the identification and applica-
tion of the following laws for exponents, (ab)" =
a".b" and (b")" = b™". Observe that for the sec-
ond structure in Table 4, (2*"')* classified as
raising a power to a power, the index of the base
comprises of two terms. Application of the law
for exponents requires that the distributive prop-
erty for multiplication over terms would need to
be identified and then attended to.

Table 4: Operations with exponents (n = 428)

Questions Correct
responses (%)

(2x3)?2 = 53

(2x+1)3 — 53

Operations with Logarithms

An observation of the summary in Table 5
reveals that about 68 percent of the respondents
had difficulty with operations involving basic
logarithmic structures. In the study by Jennings
(2009) where the question on logarithms required
the evaluation of the expression, log, 9-+log, 2, it
could be concluded that 90 percent of the spe-
cialist mathematics bridging students and 73
percent of students enrolled for calculus and
linear algebra had difficulty. The simplification
of the logarithmic expression log,, 2 indicated
in Table 5 requires similar knowledge and skills
as that for the evaluation of a logarithmic ex-
pression that appeared in the study by Jennings
(2009). These include identifying and applying
in the correct context the change of base law for
logarithms, for example (log  a) = (loga) -+ (logb)
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where the new base is 10, expressing the num-
bers on which the logarithm is operating as a
power and then identifying and applying the
appropriate law (for example (log 9=1og3*= 2 log
3); followed by the identification and division of
the same factors in the context of fractions. This
indicates that the logarithmic expression that
appeared in the quiz at UKZN compares favor-
ably with the question that appeared in the study
by Jennings (2009). As is evident from Table 5
the questions on logarithms for the current pa-
per were based on more basic knowledge and
skills required for operations with logarithms;
for example the identification and application of
the addition and subtraction laws for logarithms.

Table S: Operations with logarithms (n = 428)

Questions Correct
responses (%)

log ;2= 49
log, 2 +1log, 5 = >3
log, 2 —log, 5 = 41
7log,a =1log, _____ 48

log 16

log 8 - 32
log2 +log5 = 33

Source: Authors

Linear Equations and Linear Inequalities

The results in Table 6 indicate that 46 per-
cent of the respondents lacked the necessary
pre-requisites required for solving simple lin-
ear equations or inequalities. This is rather sur-
prising since students in South African schools
encounter linear equations and inequalities
regularly during their study of mathematics
from grades 7 onwards. If this is true then one
of the possible implications is that the learning
of the knowledge and skills amongst such stu-
dents was and is still possibly not focused on
understanding.

DISCUSSION

The literature indicated that the first year
experience or mathematics problem (which re-
fers to the under preparedness of first year stu-
dents to study university mathematics) was and
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Table 6: Linear equations and linear inequalities
(n = 428)

Questions Correct
responses (%)

2x+5=a 54

2x+5=3 57

Source: Authors

still is a global concern (Sander and Cleary 2004;
Gill and O’Donoghue 2007; Jennings 2009;
Faulkner 2011; Maharaj and Wagh 2014; Ally et
al. 2015; Maharaj et al. 2015). It seems that this
under preparedness contributes significantly to
the lack of student success and throughput at
universities. In the South African context the
DoBE (2015) diagnostic report indicated that
generally the algebraic skills of their candidates
(who wrote the grade 12 mathematics examina-
tion) was poor and as a result many of them
performed at an unsatisfactory level. This was
because they were not proficient enough to do
the basic mathematics from grades 8 to 10, which
resulted in poor performance in grade 12. The
same argument applies to the study of universi-
ty mathematics. If students do not have the ba-
sic knowledge and skills that they should have
acquired during their schooling years to study
university mathematics then one should expect
them to perform poorly. For example, in this pa-
per it is reported that about 42 percent of the
participants failed to correctly add like terms of
the form ax?, in the context where a represents
anatural number. This implies that at a signifi-
cant number of the participants in this study
would struggle in solving problems that require
pre-requisite knowledge and skills based on the
addition or subtraction of like terms. The impli-
cation here is that a lack of required knowledge
and skills become stumbling blocks for stu-
dents. These barriers result in student difficulty
to make progress with their university studies in
mathematics.

The paper by Maharaj et al. (2015) reported
on student responses to common errors includ-
ing those based on inequalities, algebraic pro-
cesses involving fractions and exponents. All
of those sections still seemed to be problematic
for many of the participants of this study. The
reader is referred to the analysis relating to Ta-
bles 2, 3, 4 and 6 which confirm that many of the
participants had difficulty with calculations
based on basic knowledge and skills relevant to
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those sections. It should be noted that in this
paper theinequality waslinear in structure com-
pared to the inequality reported on in Mahargj
et al. (2015). In that study the inequality had,
what could be classified as a quadratic struc-
ture. One would normally expect students to
have difficulties in solving inequalities with a
structure that is more complicated than the one
with a linear structure. So it was surprising to
detect that about 40 percent of the participants
could not correctly solve the linear inequality
giveninTable6.

Compared to the study by Ally et al. (2015)
the diagnostic quiz items designed for this pa-
per was simpler. The items designed by Ally et
al. (2015) for apre-test on basic knowledge and
skillswere used to determine the areas of weak-
nesses and strengths of their students. That pre-
test itemswere cognitively more demanding and
reguired more compression by their studentsto
unpack what was required. The items for the
present paper were formulated to be as simple
as possible, so that students understood what
was required and the response of the average
student was expected to be almost instanta-
neous. Thereader isreferred to Tables1to 6, to
get an insight into what the focus was on and
the level of preparedness of the participants.
Since the participants were science students,
for which there was a stringent pre-requisite
enrolment requirement relating to their grade 12
final mathematics result, the expectation of the
researcherswasthat most of the studentswould
get the items correct. The statistics in Tables 1
to 6 indicate that was a false expectation. Of
particular concern wasthelow correct response
percentages for items on operations with loga-
rithms indicated in Table 5. For example only
about athird of the participants could simplify
thelogarithmicexpression, log 2 +1og 5. It should
be noted that online diagnostic quizzes is one
form of student support that could be used to
addressthe global issue of first year experience
or mathematics problem. However, this needs
to bewithin aframework of coordinated student
support structures as discussed by Mahargj and
Wagh (2016) for studentsto obtain greater ben-
efit. In a developing country like South Africa
there are a significant number of students who
still want face to face consultations with aview
to addressing their shortcomings. The aim of
setting up the online diagnostic quizzes was to
provide a means for students to identify their

strengths and weaknesses, if any. Then the stu-
dent was expected to take the necessary remedi-
al measures to overcome the identified weak-
nesses. For example, this could be further study-
ing or consulting with ahot seat tutor. TheADO
at UKZN, Mshengu (2014) indicated such asup-
port structure for the mathematics studentswas
available.

CONCLUSION

Thefindings of this paper with regard to stu-
dentsenrolled for the main stream mathematics
module, Introduction to Calculus, during the
first semester of 2014 at UKZN revealed that a
significant number of students lacked required
essential knowledge and skillsrelating to basic
arithmetic and algebra. The researchers sum-
marise the percentage of students who had dif-
ficulty in answering questions relating to the
following sections: (1) Operations on numerical
fractions 30 percent; Operations on algebraic
fractions 43 percent; Operations with monomi-
als 42 percent; Operations with exponents 47
percent; Operationswith logarithms 68 percent;
Linear equations and linear inequalities 46 per-
cent. Since the entry requirements for the main
mathematics module at UKZN is much higher
than those of the other service mathematics
modules, theimplication isthat the situation with
students taking those service modules could be
much worse. Thiswould have to be investigat-
ed further.

RECOMMENDATIONS

One of the recommendations of this paper is
that first year mathematics lecturers should un-
dertake a diagnosis of the basic knowledge and
skill pre-requisitesrequired for the study of uni-
versity mathematics. Thiswill help to pinpoint
their students' strengths and weaknesses. It is
recommended that support structures should be
planned to address the identified weaknesses.
Thisisvery important sincethe study of mathe-
maticsis hierarchical in nature. With particular
reference to the study of mathematics by first
year students at UKZN, based on the feedback
received fromthe ADO, thefollowing arerecom-
mended: (1) mechanisms need to be explored to
increase student participation in support struc-
turesthat are provided to them; (2) the calcula-
tion and awarding of the duly performance (DP)
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certificate of astudent which determineswheth-
er he/she qualifies to write the examinations
should takeinto account minimum requirements
for lecturesand tutorials. It isrecommended that
their performance with regard to online quizzes
should be a component included in the calcul a-
tion of their class mark that contributes to the
awarding of their DP certificates.
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APPENDIX
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2014 Diagnostics for Pre-calculus (MATH130W) MC [dumg o Qs
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Section  Name Attempts

1 Eiasic arithmetic and algebra Atternpts: 474

Essential mathematical vocabulary: arthmetic quiz Attempts: 278

2 Mathematical Synlax Attermpls: 232

Esszential mathematical vocabulary fer algebra Atternpts: 108

Mathematical implications. Atternpts: 168

3 Surds/Radicals Atternpts: 235

Exponents Atternpts: 177

Factarisation Atternpts: 161

Solving Equations Atlernpts: 143

Solving Inequalities Atternpts: 111

Functions Abternpts: 194

Trigonomatric functions Attarmpts: 304
14 Quiz - Statements and logic -
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